, pages 172-174. In general the variety X/G is not a "quotient of X by G" and the morphism r x is not a "quotient morphism" in the sense of [3] .
The following properties of the quotient morphism r x are known: be the set of stable points of X. Then X is an open (possibly empty)
G-stable subset of X, the image rx(X') is an open subset of X/G, and X r(rx(Xt'). For each stable point x of X the fibre r(rx(X)) is equal to the orbit G. x. The image rx(X) is an open subset of X/G and is a "geometric quotient of X by G" in the sense of [18] . Remark 1.4.1. Our definition of stable points is a slight generalization of the definitions in [18, 20] . A point x of X is stable in our sense if it is stable in the sense of [18] (see p. 147) or [20] for the action of G/Z on X.
Let G be linearly reductive and let (X, Xo) be a pointed affine G-variety with G-invadant base point x 0. Then a point x of X is unstable if x0 is in the closure of the orbit G x. If x is unstable, we say that the orbit G x is unstable. If E is a rational G-module, then we consider E as a pointed G-variety with base point 0. We consider G as a pointed G-variety with base point 1 (1,..., 1).
1.5. Algebraic Lie subalgebras. (See [10] .) Let G be an algebraic group. Then a subalgebra ct of the Lie algebra L(G) is an algebraic Lie subalgebra of L(G) if there exists a connected dosed subgroup A of G such that L(A) a. In this case the subgroup A is uniquely determined by a. We say that a is a reductioe algebraic Lie subalgebra if the corresponding subgroup A is a reductive algebraic group. Let G be connected. Then the algebraic Lie subalgebra a of L(G) is a Levi subalgebra of L(G) if the corresponding algebraic group A is a Levi subgroup of G.
2. Parabolic subgroups and one-parameter subgroups. See [14, 32] . Let : F* --, X be a morphism of algebraic varieties. We say that limt_.o(t) exists if there exists a morphism k: F --, X whose restriction to F* is ; in this case we write limt_.o(t) for k(0). In particular, let G be an algebraic group, let X be a CONJUGACY We shall frequently use the following strengthened form of the HilbertMumford theorem (henceforth denoted by HMT), due to Kempf [11] :
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2.1 (HMT). Let G be a linearly reductive k-group and let X be an affine G-variety defined over k. Let x X(k) and let tP be the unique closed orbit in the closure of G. x. Then tO is a k-variety and there exists X Y(G)k and y (9( k ) such that lim Oh (t) x y.
The proof of 2.1 is difficult. For the case when F=C and k=R, an elementary proof is given in [2] .
Let G be a linearly reductive group and let , Y(G). We define subsets P(A) and U(A) of G and subsets () and u() of L(G) as follows:
(a) P(X) (g Gllimt_.o,(t) g exists}.
(b) U(,)= {g Gllimt_.oX(t).g 1).
(c) p(,) {x L(G)llimt_..oX(t) x exists}.
(d) u(X) (x L(G)llim,_.oX(t). x 0}.
When reference to G is necessary, we write PG(,), UG(,), 0L((X), and ttL((h) instead of P(X), U(X), () , and tt(X). Proof. Parts (a) and (b) are proved in [14, 18] and the proofs of (c) and (d) follow easily from the proofs there.
2.3. Let G be a reductive k-group, let P be a parabolic k-subgroup of G, and let L be a Levi k-subgroup of P. Let A be the unique maximal k-split torus of Z(L). Proof. This follows easily from [4] , Theorem 4.15. We need to extend 2.3 to the case of linearly reductive groups. PROPOSITION 2.4. Let G be a linearly reductive k-group, let P be a parabolic k-subgroup of G , and let L be a Levi k-subgroup of N(P). Then there exists Y(G)k such that N(P) P(,), L G x, and Ru(P ) U(A).
Proof Let Z Z(L) Then Z is a k-torus and L (G)z. The finite group L/L acts on Z by conjugation. Let I' denote the image of L/L in Aut(Z). Let k denote the algebraic closure of k in F. Since Z is defined over k, the Galois group Gal(k, k) acts on Z by automorphisms. Let I" 2 denote the image of Gal(k, k) in Aut(Z) and let I" denote the subgroup of Aut(Z) generated by 1" and I" 2. By [3] , page 213, the group I' 2 is finite and it is clear that I' 2 normalizes F 1, so that F is a finite subgroup of Aut(Z). Let E denote the real vector space Y(Z) (R)z R. We consider X(Z) as a subspace of the dual space E* in the obvious way. Let xt, c X(Z) be the set of nonzero Proof. We use a construction of Borel-Tits [5] . We define inductively two increasing sequences (U,.) and (N,.) of k-subgroups of G as follows:
By [5] Proof. We define one-parameter subgroups / and 3, of the algebraic torus Z(G) by/(t) x-lh(t)x and 3,(t) #(t)X(t) -. Then and that L(Gx) L(G) AO').
LEMMA 3.1. Let : G-H be a homomorphism of algebraic groups and let x (Xl,...,x,) be an n-tuple in G n (resp. in L(G)n). Write th(x)= (q(Xl),...,q(x,,)) (resp. q(x)= (d(Xl),...,ddp(xn))). Then 
The proof is immediate. it is dear that a(x) L(G).
Definition 3.4. Let G be an algebraic group and let x G n (resp. x L(G)n). if A(x) is a linearly reductive group, then we say that x is a semisimple n-tuple. If A(x) is a unipotent group, then we say that x is a unipotent (resp. nilpotent) n-tuple. H. if x is a semisimple (resp. unipotent) n-tuple, then y is a semisimple (resp. unipotent) n-tuple. A similar remark holds for n-tuples in L(G).
Example, Let G be a semisimple algebraic group and let (x, h, y) be an I-triple in L(G) (see [7] , chap. 8, {ill, for definition). Then 5. An analogue of the Jordan decomposition for n-tuples. Let G be an algebraic group. If y (Yl,..., Y) and z (zl,..., z,) are in G n, then y. z denotes the n-tuple (ylzl,..., ynzn). Thus y z is the product of y and z in the product group G n. 
Since q maps L isomorphically onto M, we see that A(y) L.
An analogous construction gives all Levi k-decompositions of x L(G)(k) . {}6. Closed orbits for n-mples in arbitrary algebraic groups. In this section we will prove the following theorem: THEOREM 6.1. Let G be an algebraic group and let x G (resp. x L(G)) be a semisimple n-tuple. Then the orbit G x is closed.
The proof of Theorem 6.1 is based on the proof for n 1 given in [3] . The proof will be given in a series of lemmas. We will only give the proof for x G . Now let G be an algebraic group and let x G" be a semisimple n-tuple. We may assume that G is a closed subgroup of SL(E) for some finite-dimensional vector space E. We consider G, L(G), and SL(E)as closed G-stable subvarieties of End(E); here G acts on End(E) by conjugation. Since A(x) is linearly reductive, the orbit SL(E). x is closed in SL(E)", hence closed in End(E)".
It is dear that the stabilizer GL(E)y is equal to GL(E) C(y), so that
The Lie algebra g L(G) is a G-stable subspace of End(E). Thus we get representations q: G GL(g) and rl: G --> GL(End(E)/g). The representation is the adjoint representation of G; it is a subrepresentation of the adjoint representation of G on End(E)= L(GL(E)) and ,/ is the corresponding quotient representation. LEMMA 6.4. Let y X. Then
Since A(x) is linearly reductive, A(y) is linearly reductive. Thus Let r: G G/G (resp. r: L(G) L(G)n/G) denote the quotient morphism and, for each x G" (resp. x L(G)'), let denote the fibre r-(r(x)).
The following result is a special case of more general theorems proved in [28]' THEOREM 7.3. Let x be a semisimple n-tuple in G (resp. L(G)) and let S be a maximal torus of the stabilizer Gx. Let 2q(x)= dim G-dim G s and let r(x) dim G s-dim S. If C is an irreducible component of the fibre 5r, then dim C r(x) + (n + 1)q(x).
Remark. In [28] , there is also an easy combinatorial rule for computing the number of irreducible components of the fibre F,,.
Example. Let x be a semisimple n-tuple such that G x contains a maximal torus T of G. If C is an irreducible component of , then 2 dim C (n + 1)(dim G dim T).
{}8. Smooth A similar result holds for the action of G on G". Proof. Let the notation be as above. Then it is clear that r2(Y') C(n, a).
Since ,r 2 is an isomorphism of varieties, the result follows.
Remark. Let G be a connected algebraic group and let g L(G {}11. n-tuples in real algebraic groups and Lie algebras. In {}11 we will carry over many of our results on n-tuples to the case of real reductive algebraic groups and, more generally, real reductive Lie groups. Throughout {}11, the base field F will be the field C of complex numbers and we will always denote complex algebraic varieties by boldface letters X, E, G, L(G), etc. If X is a complex algebraic variety, we need to consider two distinct topologies on X, the Zarisld topology and the classical (Hausdorff) topology induced by the usual topology of C. In 11, all references to topological terms which refer to the Zadski topology will be given the prefix Zariski. Thus a subset Y of X is closed (resp. Zariskiclosed) if it is closed in the classical topology (resp. the Zadski topology). If X is a complex R-variety (a complex variety defined over the field R of real numbers), then X(R) will be given the classical topology (the topology induced by the classical topology on X). If 
G is an algebraic R-group, then G(R) is considered as a real Lie group and G(R) denotes the identity component of G(R). It is known that G(R)/G(R) is finite. It is not necessarily true that G(R) G(R).
Let H be a real Lie group and let x (xl,..., xn) H". Then I'(x) denotes the (abstract) subgroup of H generated by (xl,..., x). If x (x,..., x,) L(H) , then c(x) denotes the subalgebra of L(H) generated by {xl,..., xn). For the rest of {}11, G will denote a linearly reductive complex algebraic R-group and G will denote a closed subgroup of G(R) containing G(R) .
Definition 11.1. Let x G" (resp. x L(G)"). Then x is a semisimple n-tuple Definition 11.6 . Let H be a real Lie group and let x H (resp. x L(H)). [18] , page 41, that the action of G on E (s) is proper (in the sense of algebraic geometry). If we now consider G and E (s) with their classical topology, it follows that the action of G on E (') is proper in the sense of proper actions of locally compact groups acting on locally compact spaces [13] . (It is known that a proper mapping of complex algebraic varieties is also a proper mapping of the corresponding complex spaces.) Let E () E () t E. Thus E () is the set of all x E such that the orbit G. x is closed and such that the stabilizer G. is finite.
The group G is a closed subgroup of (the Lie group) G and E () is a closed subset of (the locally compact space) E (). It follows that G acts properly on E(S).
PROPOSITION 11.9 . Let the notation be as above, let X be a closed G-stable differentiable submanifold of E, and let X ) E ) X. Let X<)/G be the set of orbits on G on X), supplied with the quotient topology. Then G acts properly on X ) and the orbit space X<)/G is a Hausdorff space. Moreover, X<)/G has the structure of a V-manifold.
See [1] for the definitions regarding V-manifolds. Proof Since X <) is closed in E <), the action of G on X <) is proper. Hence the orbit space is Hausdorff [13] . By the results of Luna [16] 
L(G)n). Then it is clear that (Gn
proper and the orbit space (Gn)()/G (resp. (L(G)n)()/G) has the structure of a V-manifold.
The proof of Proposition 11.11 follows immediately from Proposition 11.9.
Remark. Let the notation be as above and let x G n (resp. x L(G)n). Then it follows easily from the definitions that x is a G-stable point of G" (resp. L(G)n) if and only if it is .a G-stable point of G n (resp. L(G)n). As a special case of Proposition 11.12 we have COROLLARY 11.13 . Let E be an odd-dimensional real vector space and let G GL(E). Let x G (resp. x L(G)n). Then x is a G-stable n-tuple if and only if E is a simple F(x)-module (resp. E is a simple c(x)-module).
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Proof. We give the proof for x G n. Let D End a(E) r(x). It is an easy consequence of Proposition 11.12, Theorem 11.4, and Example 4.2 that x is G-stable if and only if E is a simple F(x)-module and dim lD 1. On the other hand, it follows from Schur's lemma that if E is a simple I'(x)-module, then D is a division algebra over R. There are three possibilities: (i) D R; (ii) D C; and (iii) D H (the quaternions). Since E is odd-dimensional, possibilities (ii) and (iii) are ruled out. This proves the corollary.
Let x G and let x y z be a Levi R-decomposition of x (considered as a point of G). Since a unipotent real algebraic group is connected (as a real Lie group), it follows easily that z G , and hence that y G . PROPOSITION 11.14. Let x G n (resp. x L(G) ) and let x y z (resp. x y + z) be a Levi R-decomposition of x. Then G x Gy N G z and G. y is the unique closed orbit in the closure of G. 12. S-groups. Let S and G be algebraic k-groups. We say that G is an S-group, defined over k, if S acts k-morphically on G such that for every s S, the morphism G G given by g s.g is an automorphism of algebraic groups. Remark. Let S and (7 be k-subgroups of an algebraic k-group H, with G normal in H. Then the action of S on G by inner automorphisms determines an S-group structure on G defined over k. By taking semidirect products, any S-group structure on G, defined over k, can be obtained in this way.
Let G be an S-group, defined over k, and assume that both S and G are linearly reductive groups. Let K---G s be the fixed point subgroup. Then The proof is almost exactly the same as the proof of Proposition 2.6. We omit the details.
{}13. K-orbits on G" and L(G)". In {}13 S denotes a linearly reductive k-group, G is a linearly reductive S-group defined over k, and K Gs.
In the next few sections, we will study the actions of K on G n and on L(G) .
Let x (xt,..., x) G. We let As(x) be the intersection of all closed S-stable subgroups of G containing (xt,..., x). Similarly, if x (xt,..., x) L(G) , we let as(X) be the algebraic hull of (s. xils S, i= 1,..., n) and we let As(x) be the unique closed connected subgroup of G such that L(As (x)) as(x).
Definition 13.1. Let x H G n (resp. x H L(G)n). Then x is an S-semisimple n-tuple if As(x) is a linearly reductive group. The n-tuple x is S-unipotent (resp. S-nilpotent) if As(x) is a unipotent group. THEOREM 13.2. Let x H G (resp. x H L(G)). Then the following conditions are equivalent: (i) the orbit K. x is closed; and (ii) x is an S-semisimple n-tuple.
Proof We only give the proof for x G .
(i) = (ii). Assume that As(x) is not linearly reductive and let U R(As(x)).
By Proposition 12.4 , there exists h H Y(K) such that P(X) 3 As(x) and U(X) D U. Let y h(0) x. Define the homomorphism hx: P(X) G x by hx(g) h (0) g (g H P(X)). Since h H Y(K), the subgroup P(X) is S-stable and hx(s. g) s. hx(g) (s H S, g H G). It is an easy consequence of this that hx(As(x)) As(y). Since dim U > 0 and U is contained in the kernel of h x, we see that dim As(y) < dim As(x). Thus y K. x and the orbit K. x is not closed.
(ii) = (i). Assume that As(x) is linearly reductive. Let T be a maximal torus of the stabilizer K,,. It follows from a result of Luna [17] Consider the following two conditions on an n-tuple x G (resp. x L(G)): (iii) K. x is Zariski-closed in G (resp. in L(G)); and (iv) L(G) is a semisimple A (x)-module. Then We omit the proof, which follows in a straightforward manner from Theorem 13.1 and HMT.
Example. Let G be as above and let 0 be an involutive automorphism of G.
Let K be the fixed point subgroup of 0. For x G, let Is(x) be the subgroup of G generated by (x, 0(x)}. Then 
